Abstract. We reduce the problem of the projective normality of polarized abelian varieties to check the rank of very explicit matrices. This allows us to prove some results on normal generation of primitive line bundles on abelian threefolds and fourfolds. We also give two situations where the projective normality always fails. Finally we make some conjecture.
Introduction. Let (A, L)
be a polarized abelian variety of dimension g. We are interested in studying the projective normality of the embedding given by the linear system |L|. The problem is completely solved when g = 1 or g = 2 (see [2] , [8] , [6] , [5] ). For higher dimension, most of the existing results refer to powers of ample line bundles:
1. If L = M n with M ample and n 3 then L is normally generated (see [2] On the other hand, the new techniques of Mukai-Fourier transform and M-regularity have been applied by G. Pareschi and M. Popa to attack these problems (see [10] , [11] ). However, it seems that they only work well with powers of ample line bundles.
Thus, if L is primitive, very little is known. In [7] , J. Iyer proves that if A is simple and h 0 (L) > 2 g g! then L is normally generated. First she proves that it suffices to study the 2-normality. Then, she takes a suitable isogeny A −→ B such that L descends to a principal polarization M on B. In this way, the problem is reduced to check the surjectivity of some multiplication maps between translations of the line bundle M.
Here, by using the canonical theta functions, we develop this idea. The main theorem reduces the question of 2-normality to check the rank of some matrices. Their elements are canonical theta functions evaluated in 0. The most important fact is that we can check Secondly, by using a computer we exhibit explicit examples of projectively normal abelian varieties. Note, that a necessary condition for the projective normality is h 0 (L) 2 g+1 − 1. Moreover, by the result of J. Iyer we only have to check the cases where h 0 (L) 2 g g!.
Because the projective normality is an open condition, these examples allow us to prove the normal generation in the generic case for some fixed types. For abelian threefolds we prove the following:
2, 2, 4) or (2, 4, 4) then it is never normally generated. (1, 3, 6 ). For abelian fourfolds we prove:
Note, that the open case is when L is of type
(1, 3, 3, 6), (2, 2, 2, 4), (2, 2, 4, 4), (2, 4, 4, 4)} then L is normally generated. 2. If L is of type (1, 1, 2, 16), (1, 2, 2, 8), (1, 2, 4, 4) , (2, 2, 2, 4), (2, 2, 4, 4) or (2, 4, 4, 4) then it is never normally generated. Now the open case is when L is of type (1, 3, 3, 6) .
N o t a t i o n s. We will work over the field of the complex numbers. We will follow the definitions and notation of the book [2]. Let λ 1 , . . . , λ g , µ 1 , . . . , µ g be the corresponding symplectic base.
We will denote by V 1 and V 2 the real spaces generated respectively by λ 1 , . . . , λ g and µ 1 , . . . , µ g . Any x ∈ C g decomposes in a unique way x = x 1 + x 2 with x i ∈ V i . Let
